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MINIMAL RATIONAL CURVES IN
MODULI SPACES OF STABLE BUNDLES
Xiaotao Sun
Introduction
Let C be a smooth projective curve of genus g ≥ 2 and L be a line bundle on C
of degree d. Assume that r ≥ 2 is an integer coprime with d. Let M := UC(r,L)
be the moduli space of stable vector bundles on C of rank r and with the fixed
determinant L. It is well-known that M is a smooth projective Fano variety with
Picard number 1. For any projective curve in M , we can define its degree with
respect to the ample anti-canonical line bundle −KM . A natural question raised
by Jun-Muk Hwang (see Question 1 in [Hw]) is to determine all rational curves of
minimal degree passing through a generic point ofM . In this short note, we prove
the following theorem
Main Theorem. Assume that g ≥ 4. Then any rational curve of M passing
through a generic point has degree at least 2r. It has degree 2r if and only if it is a
Hecke curve.
Our idea is simple and the proof is elementary. If E is a vector bundle on
X = C × P1 that induces the morphism of P1 to M . Then a simple computation
shows that its degree equals to the second Chern class of End(E). If the restriction
of E to the generic fiber of ruled surface f : X → C is semistable, then one sees
easily that c2(End(E)) is at least 2r, and it is 2r if and only if c2(E) = 1 (after
tensoring E by suitable line bundle pulling back from P1). This will force E to be
an extension
0 −→ f∗V
i
−→ E
φ
−→ O{p}×P1(−1) −→ 0,
where V is a bundle on C. That is, after performing elementary transformation on
E once along one fiber, E becomes a pullback of a vector bundle on C. For any
x ∈ P1, restricting above sequence to C × {x} and denote E|C×{x} by Ex, we have
0 −→ V
ix−→ Ex
φx
−→ O{p}×P1(−1)x −→ 0.
Let ιx : Vp → Ex|p = E(p,x) be the homomorphism between the fibers at p induced
by the sheaf map ix. Then the Hecke modifications {(W˜
ker(ιx))∨; x ∈ P1} of V
along {ker(ιx) ⊂ Vp; x ∈ P
1} are exactly {Ex; x ∈ P
1}. Thus the given curve is a
Hecke curve by definition.
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If the restriction of E to the generic fiber is not semistable, then using the so
called relative Harder-Narasimhan filtration we are able to prove that c2(End(E)) >
2r. Here we also need the condition that the rational curve passes through the
generic point of M which corresponds a (1, 1)-stable bundle when g ≥ 4.
§1 Hecke curves
Since we are discussing the question raised in [Hw], we copy the definition of
Hecke curves in [Hw] and adopt notation there. Given two nonnegative integers k,
ℓ, a vector bundle W of rank r and degree d on C is (k, ℓ)-stable, if, for each proper
subbundle W ′ of W , we have
deg(W ′) + k
rk(W ′)
<
deg(W ) + k − ℓ
r
.
The usual stability is equivalent to (0, 0)-stability. The dual bundle of a (k, ℓ)-stable
bundle is (ℓ, k)-stable.
Lemma 1.1 ([NR]). If g ≥ 4, a generic point [W ] ∈ M corresponds to a (1, 1)-
stable bundle W .
Lemma 1.2 ([NR]). Let 0 → V → W → Op → 0 be an exact sequence, where
Op is the 1-dimensional skyscraper sheaf at p ∈ C. If W is (k, ℓ)-stable, then V is
(k, ℓ− 1)-stable.
Let [W ] ∈M be a generic point corresponding to a (1, 1)-stable bundleW over C.
We will use V ∨ to denote the dual vector bundle (or dual vector space) of a vector
bundle V (or a vector space V ). Let P(W ) be the projective bundle consisting of
lines through the origin on each fiber. For p ∈ C and ζ ∈ P(W∨p ), define a vector
bundle W ζ by
(1.1) 0→W ζ → W → (Wp/ζ
⊥)⊗Op → 0
where ζ⊥ denotes the hyperplane in Wp annihilated by ζ. Let ι :W
ζ
p → Wp be the
homomorphism between the fibers at p induced by the sheaf injection W ζ → W .
The kernel ker(ι) of ι is a 1-dimensional subspace ofW ζp and its annihilator ker(ι)
⊥
is a hyperplane in (W ζ)∨p . Let H be a line in P(W
ζ
p ) containing the point [ker(ι)].
For each point [l] ∈ H corresponding to a 1-dimensional subspace l ⊂ W ζp , define a
vector bundle W˜ l by
(1.2) 0→ W˜ l → (W ζ)∨ → ((W ζ)∨p /l
⊥))⊗Op → 0
where l⊥ ⊂ (W ζ)∨p is the hyperplane annihilating l. This bundle W˜
l is stable for
each [l] ∈ H by Lemma 1.2. It is easy to check that for l = ker(ι),
(1.3) W˜ ker(ι) ∼=W∨.
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Thus {(W˜ l)∨ ; l ∈ H} defines a rational curve passing through [W ] ∈ M . A
rational curve on M constructed in this way is called a Hecke curve. By using
[NR], it can be shown that a Hecke curve is smooth and has degree 2r with respect
to −KM . There is an equivalent description for (W˜
l)∨. For any vector bundle, say
W ζ , on C and a subspace K of the fiber W ζp (p ∈ C). According to [NS], there are
two canonical constructions called Hecke modifications (see Remark 2.4 of [NS]).
For any [l] ∈ H, the stable bundle (W˜ l)∨ is in fact obtained fromW ζ by performing
the second Hecke modification along the subspace l ⊂W ζp .
§2 Proof of the Main Theorem
For any rational curve P1 ⊂ M through a general point of M , let E be the
vector bundle on X := C × P1, which induces the embedding P1 ⊂ M . Let π :
X = C × P1 → P1 be the projection and E ⊂ End(E) be the subbundle of trace
free. Then, since π∗(E) = 0, we have TM |P1 = R
1π∗E and, by using Leray spectral
sequence and Riemann-Roch theorem,
−χ(E) = χ(R1π∗E) = −KM · P
1 + (r2 − 1)(g − 1).
By using χ(E) = deg(ch(E) · td(TX))2, noting c1(E) = c1(End(E)) = 0, we get
(2.1) −KM · P
1 = c2(E) = 2rc2(E)− (r − 1)c1(E)
2 := ∆(E).
Let f : X = C × P1 → C be the projection. Then, for any torsion free sheaf E
on the ruled surface X , its restriction to a generic fiber f−1(ξ) = Xξ has the form
E|Xξ =
n⊕
i=1
OXξ (αi)
⊕ri , α1 > · · · > αn.
The α = (α⊕r11 , ..., α
⊕rn
n ) is called the generic splitting type of E. In our case,
tensoring E by π∗O(−αn), we can (and we will) assume that αn = 0. Any such E
admits a relative Hardar-Narasimhan filtration
0 = E0 ⊂ E1 ⊂ · · · ⊂ En = E
of which the quotient sheaves Fi = Ei/Ei−1 are torsion free with generic splitting
type (α⊕rii ) respectively. Then it is easy to see that
2c2(E) = 2
n∑
i=1
c2(Fi) + 2
n∑
i=1
c1(Ei−1)c1(Fi)
= 2
n∑
i=1
c2(Fi) + c1(E)
2 −
n∑
i=1
c1(Fi)
2.
Thus ∆(E) = 2r
∑n
i=1 c2(Fi) + c1(E)
2 − r
∑n
i=1 c1(Fi)
2.
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Let F ′i = Fi ⊗ π
∗OP1(−αi) (i = 1, ..., n), thus they have generic splitting type
(0⊕ri) respectively. Let c1(Fi) = f
∗OC(di)+π
∗OP1(riαi), where OC(di), OP1(riαi)
are divisors of degree di, riαi on C, P
1 respectively. Here we remark that for any
torsion free sheaf Fi on X we have c1(Fi)|f−1(•) = c1(Fi|f−1(•)) for general points
on C (resp. c1(Fi)|pi−1(•) = c1(Fi|pi−1(•)) for general points on P
1). Therefore di
are the degrees of Fi on the general fiber of π respectively. Without confusion,
we denote the degree of Fi (resp. Ei) on the generic fiber of π by deg(Fi) (resp.
deg(Ei)). Consequently, µ(Ei), µ(E) denote the slope of restrictions of Ei, E to
the generic fiber of π respectively. Note that
c2(F
′
i ) = c2(Fi)− (ri − 1)c1(Fi)π
∗OP1(αi) = c2(Fi)− (ri − 1)diαi,
c1(Fi)
2 = 2ridiαi and c1(E)
2 = 2d
∑n
i=1 riαi, we have
∆(E) = 2r
(
n∑
i=1
c2(F
′
i ) + µ(E)
n∑
i=1
riαi −
n∑
i=1
diαi
)
.
Let rk(Ei) denote the rank of Ei, note that ri = rk(Ei) − rk(Ei−1) and di =
deg(Ei)− deg(Ei−1), we have
(2.2) ∆(E) = 2r
(
n∑
i=1
c2(F
′
i ) +
n−1∑
i=1
(µ(E)− µ(Ei))(αi − αi+1)rk(Ei)
)
.
Lemma 2.1. Any torsion free sheaf E of rank r on a ruled surface, with generic
splitting type (0⊕r), must have c2(E) ≥ 0.
Proof. The argument is in fact contained in the proof of Lemma 1.4 of [GL]. One can
choose a divisor D on C such that f∗OC(D) ⊂ E and E/f
∗OC(D) is torsion free.
Since E/f∗OC(D) has generic splitting type (0
⊕(r−1)), by induction hypothesis on
rank, we can assume that c2(E/f
∗OC(D)) ≥ 0. Hence
c2(E) = c2(E/f
∗OC(D)) + f
−1(D)(c1(E)− f
−1(D)) = c2(E/f
∗OC(D)) ≥ 0.
Proposition 2.2. If g ≥ 4, then ∆(E) ≥ 2r. The equality holds if and only if E
has generic splitting type (0⊕r) and c2(E) = 1.
Proof. Since the rational curve passes through a generic point [W ] ∈ M , then the
bundle E|pi−1([W ]) ∼=W is (1, 1)-stable. Thus, using the inequality (2.2), we have
∆(E) ≥ 2r
(
n∑
i=1
c2(F
′
i ) +
n−1∑
i=1
(αi − αi+1)
)
,
the equality holds if and only if n = 1.
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By Lemma 2.1, if n > 1, we have
∆(E) > 2r
n−1∑
i=1
(αi − αi+1) ≥ 2r.
If n = 1, then ∆(E) = 2rc2(E) ≥ 2r (note that we have assumed αn = 0). The
equality ∆(E) = 2r holds if and only if c2(E) = 1.
From now on, we assume that E has generic splitting type (0⊕r). If E has a
jumping line Xp = f
−1(p) (p ∈ C), i.e.,
E|Xp =
n⊕
i=1
OXp(βi)
⊕ri , β1 > · · · > βn
with the type (β⊕r11 , · · · , β
⊕rn
n ) different from (0
⊕r). Then we can perform the
elementary transformation on E along Xp by taking F to be the kernel of the
(unique surjective) homomorphism φ : E → E|Xp → OXp(βn)
⊕rn . Clearly,
(2.3) 0 −→ F −→ E
φ
−→ OXp(βn)
⊕rn −→ 0.
An easy calculation yields
Lemma 2.3. c1(F ) = c1(E)− rnXp and c2(F ) = c2(E) + rnβn.
Proof. By the exact sequence (2.3), the computation is straightforward.
Lemma 2.4. If c2(E) = 1 and E has generic splitting type (0
⊕r), then E has
exactly one jumping line Xp and the elementary transformation F along Xp is
isomorphic to f∗V for a vector bundle V over C.
Proof. The E has at least one jumping line. Otherwise, E will be a pullback of a
vector bundle over C, which is impossible. At any jumping line Xp, with splitting
type (β⊕r11 , · · · , β
⊕rn
n ), we must have βn < 0. Hence, by Lemma 2.3 and Lemma
2.1, E has a unique jumping line Xp with βn = −1 and rn = 1. Then F has no
jumping line, thus F = f∗V for a vector bundle V over C.
Therefore by Proposition 2.2 and Lemma 2.4, if ∆(E) = 2r, we have
(2.4) 0 −→ f∗V −→ E
φ
−→ OXp(−1) −→ 0.
Proposition 2.5. If g ≥ 4 and ∆(E) = 2r, then the rational curve is a Hecke
curve.
Proof. For any x ∈ P1, let Ex denote E|C×{x}. Restrict the sequence (2.4) to
π−1(x) = C × {x}, we get
(2.5) 0 −→ V −→ Ex
φx
−→ OXp(−1)x −→ 0.
Since the curve passes through the generic point [W ] ∈M , there is a x0 ∈ P
1 such
that Ex0
∼= W is (1, 1)-stable by Lemma 1.1. Then V is a (1, 0)-stable bundle by
Lemma 1.2 (thus when x = x0, the sequence (2.5) corresponds to the sequence (1.1)
and V corresponds to W ζ in the definition of Hecke curves, see §1).
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Let ιx : Vp → Ex|p = E(p,x) be the homomorphism between the fibers at p
induced by the sheaf injection V → Ex in sequence (2.5). Then the kernel ker(ιx)
is a 1-dimensional subspace of Vp. When x moves on P
1, these [ker(ιx)] ∈ P(Vp)
form a line H ⊂ P(Vp). It is easy to check that, as the same as (1.3), for any x ∈ P
1
W˜ ker(ιx) ∼= E∨x .
Thus {(W˜ ker(ιx))∨; [ker(ιx)] ∈ H} defines the given rational curve. That is, the
given rational curve is a Hecke curve.
Theorem 2.6. Assume that g ≥ 4. Then any rational curve of M passing through
the generic point of M has at least degree 2r with respect to −KM . It has degree
2r if and only if it is a Hecke curve.
Proof. By (2.1), the degree −KM · P
1 equals to ∆(E). Then, by Proposition 2.2,
it has degree at least 2r. If it has degree 2r, then by Proposition 2.5 it must be a
Hecke curve. It was known that any Hecke curve has degree 2r. We are done
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